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Problem 4.74

Neither Example 4.4 nor Problem 4.73 actually solved the Schrédinger equation for the
Stern—Gerlach experiment. In this problem we will see how to set up that calculation. The
Hamiltonian for a neutral, spin-1/2 particle traveling through a Stern—Gerlach device is

2
H=Y _.B.s
2m

where B is given by Equation 4.169. The most general wave function for a spin-1/2

particle—including both spatial and spin degrees of freedom—is”®

W(r,t) = Vy(r,t)x+ +V_(r,t)x_,
(a) Put ¥(r,t) into the Schrédinger equation

P
HU = ihlw
ot

to obtain a pair of coupled equations for W. Partial answer:

h? h h 0
—%V2\II+ — 5’}’(30 + OCZ)\I/+ + 5'}/0(1'\1/_ = lh&\p_;'_.

(b) We know from Example 4.3 that the spin will precess in a uniform field Byk. We can factor
this behavior out of our solution—with no loss of generality—by writing

U (r,t) = eTBt/2Q (x 1),
Find the coupled equations for U.. Partial answer:

%o h - h . - 0 -
_%VQ‘I’Jr — 5vaely + oyaze Bty = zha\lur.

(c) If one ignores the oscillatory term in the solution to (b)—on the grounds that it averages to
zero (see discussion in Example 4.4)—one obtains uncoupled equations of the form

—h—Qv%if + Vil —ihQ\if
m + + ¥4+ = ot +-

Based upon the motion you would expect for a particle in the “potential” Vi, explain the
Stern—Gerlach experiment.

[TYPO: Replace W¥(r,t) with W (r,t).]

Solution

"6In this notation, ‘\I}+(r)‘2 d®r gives the probability of finding the particle in the vicinity of r with spin up, and
similarly measuring its spin along the z axis to be up, and similarly for |¥_(r)|? d®r with spin down.
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Part (a)

Substitute the most general form for the wave function into the Schrodinger equation.

P
HY — ih 2w
ot

0
H(Wixt +Vox-)= Zh&(\:[]+x+ +¥_x-)

oo o] - i) =g (o o] = )

vy
U_

vy
U_

—ind

a ot

Expand the Hamiltonian, noting that the magnetic field in Equation 4.169 on page 174 is
B(z,y,2) = —azx + (By + az)z.

vy
v_

(
{
- {_ZVQJr'yaxZ [(1) (1)] —V(BOJFO‘Z)S [(1) —(1)]}

(ZihV)" y[—azS, + (Bo + az)Sz]}

vy
v
B K2 o2 hy |—Bo—az ax W,
2m 2 ax By + az U_
n? (v ] Firy [—By — az azx v,
= + L
2m |V | 2 | ax By +az| |V_
o - (W, ] . hy [(=Bo—az)¥ 4+ az¥_
2m | w_| 2 | aax¥y+ (By+az)V_

—EV20, + B(-By - 02)¥; + axl ]

— P2y 4 MagW, + (By+ az)U_]
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As a result, the Schrodinger equation splits into two equations, both involving W, and W_.

har = gV Yt 5 (-Bo—an)¥y ozl ]
ov_ n? _, hry
ih 5 2mV U_ + 5 [axWy 4+ (By + az)V_]

Part (b)

Make the substitutions,
\IIJ’_ — el’yBot/Q\I,Jr
U — e—iBot/2§

in the system.

ihgt (e”Bot/Q\ilJr) = —:;VQ (e”BDt/2\if+> + % [(—Bo —az) (e”BDt/Q\ihr) + ax (e*”Bot/Q\i/_)}

ih% (o)

ih<e

hQ

2m

V2 <e_”B°t/2\i/_) + % [aac (e”B‘)t/z\T/Jr) + (B + az) <e_”B°t/2\TJ_)}

Yoo
—Ze
2

Divide both sides of the first equation by ¢”750%/2 and multiply both sides of the second equation
by ei'yBOt/Q'
8\IJ+ h 9z h’)/Oé ~ ﬁ'ya inBot
— =——VV, - v ——xe PN
ot 2 Ty e e
o _ R, hya ~ hyo -
; = —— V2U_ 4 L geBoly —2U_
ih 5 sz + 5 L€ ++ 5 %
Part (c)

Ignore the terms with complex exponentials on the grounds that they average to zero in order
decouple the equations.

e h? o= hya -
LT —— VU, — — 20U
ot om Y VT g A
oW _ R, hya =
] ~—VU_ + —20_

ih 5 2mV + 5 ?

A particle in the state \il+ (with spin up) is expected to accelerate in the positive z-direction
because the potential energy decreases with increasing z. Similarly, a particle in the state U_
(with spin down) is expected to accelerate in the negative z-direction because the potential
energy decreases with decreasing z.
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to

a . ~
L e Bot/2

, ov ivBy R . - hyBy I , - I
iyBot/2Y * + +% — _7€Z730t/2v2\1,+ _%_ ﬂzemeﬁ/Q\II+ + Y
ot 2m 2 2
. . ,
i [ e—ivBot/29Y - _w _ I cnbetzgrg T Bty +w+ :
ot 2 om 2 2

i'YBOt/Q\i]_



